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91.35.Dc – Heat ﬂow; geothermy
47.60.Dx – Flows in ducts and channels

Abstract – We investigate the transfer properties of idealised porous materials comprising a
diﬀusive solid pervaded by an array of channels. Using a tracer method, we study how a liquid
ﬂowing through these channels may reduce the cooling time of the solid. Accordingly, we deﬁne an
eﬀective transfer eﬃciency, which we systematically measure in systems of diﬀering diﬀusivities,
channel radii, lengths and spacings, average ﬂow velocities and ﬂow ﬁelds —namely plugged
and Hagen-Poiseuille ﬂows. We show that the transfer eﬃciency scales with a key dimensionless
number involving the Péclet number and the channel to solid volume fraction. This scaling exhibits
three regimes. Based on the analysis of the advection and diﬀusion processes in the systems, we
introduce a semi-empirical model that captures the entire range of results.
c EPLA, 2014
Copyright 

Introduction. – Fractured rocks [1–4] and vascularized tissues [5–9] are examples of porous materials comprising a solid matrix pervaded by a network of channels.
The ﬂow of a liquid through these channels may be
utilised to transfer heat from or to the surrounding solid.
Mammalian thermo-regulation [10], heat extraction from
geothermal reservoirs [11–13], and a range of micro-ﬂuidic
heat exchangers [14] rely on such a process.
In many applications, the channels are narrow and the
ﬂows are slow enough to be laminar. In these cases,
the ﬂows within each channel are described by a HagenPoiseuille velocity ﬁeld. Recent works have established
how the eﬀective permeability of these types of systems
depend on certain network features such as the number of
loops [15,16] and the geometry of their branching channels [17,18]. By contrast, when the ﬂowing liquid carries
a high concentration of particles like small rock fragments
and erythrocytes, the Hagen-Poiseuille velocity ﬁeld no
longer describes the ﬂow. Rather, these suspensions behave as non-Newtonian ﬂuids and tend to produce plugged
ﬂows within the channels. The Kozeny-Carman relationship satisﬁed by systems featuring Hagen-Poiseuille velocity ﬁelds [19], can also be used to analyse the eﬀective
permeability of those featuring plugged ﬂows [20].
Although ﬂows through channel networks are well understood, quantifying their ability to transfer heat from
or to the solid phase is challenging. Studies of systems

comprising ﬂows through U-shaped channels, serpentine
channels, and tree-shaped channel networks embedded in
a conducting solid, have successfully characterised and interpreted their cooling dynamics by measuring a typical
cooling time for each system and analysing typical advection and diﬀusion time scales [12,13,21]. These studies demonstrated the relative improvement in the typical
cooling time that may be achieved by introducing greater
degrees of system complexity in the form of a greater number of channel bends or generations of branching. However, even for simple channel conﬁgurations, there seems
to be no general model to predict the typical cooling time
as a function of the channel geometry, diﬀusivity and the
nature of the ﬂow.
In this letter, we seek to establish such a model. To
this end, we consider an idealised porous material comprising a diﬀusive solid pervaded by a regular array of
advective-diﬀusive channels. The study is based on systematic cooling numerical experiments performed using a
tracer method. We thus investigate the typical cooling
time of the solid, and how it depends on key parameters such as the intrinsic diﬀusivity, channel radius, length
and spacing, average ﬂow velocity and ﬂow velocity proﬁle within the channels. We then analyse the fundamental processes of diﬀusion and advection in such systems
to construct a model capable of capturing the measured
cooling times over a wide range of these parameters.
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Fig. 1: (Colour on-line) Simulated system. (a) Periodic array of channels of radius R, spacing S and length L embedded
in a solid of the same length. Each channel conﬁnes a ﬂow of average velocity vf . (b) Cross-section of a channel and its
surrounding solid. The channel may feature either a plugged ﬂow (left inset) or a Hagen-Poiseuille ﬂow (right inset). Typical
tracer motions according to the tracer method are illustrated (see text for description). (c) t80 : the time required to cool the
average temperature of the solid by 80% is identiﬁed for two systems. In both systems, D0 = 10−4 m2 /s, R = 0.00125 m,
S = 0.0025 m, L = 0.1 m, and the channels conﬁne plugged ﬂows, but the average ﬂow velocity (vf ) for one system is double
that of the other.

System. – To pin-point the eﬀect of these parameters,
we consider idealised systems each comprising a threedimensional periodic array of equally spaced parallel cylindrical channels embedded in a solid (see ﬁg. 1(a)). Each
channel is of radius R and length L, and is encased by a
solid of equal length. The spacing between each channel in
the array is S. Each channel conﬁnes a steady, incompressible ﬂow, characterised by an average ﬂow velocity, vf and
a velocity proﬁle type. We consider two types of velocity
proﬁles, corresponding to plugged and Hagen-Poiseuille
ﬂows (see ﬁg. 1(b)). The ﬂowing liquid and the surrounding solid share the same diﬀusivity, D0 [m2 s−1 ], speciﬁc
heat cp [J K−1 kg−1 ] and density ρ [kg m−3 ]. Diﬀerences
between the diﬀusivity of the liquid and solid phase are
not introduced, rather, our investigation focuses on the effects of the selected set of system parameters (R, L, S, vf ,
and D0 ) across a wide range of values for each ﬂow type.
To deduce the eﬀects of these parameters on the transfer eﬃciency of a system, we perform cooling numerical
experiments, where the solid is initially hot and is eventually cooled by the ﬂow of a cold ﬂuid through the channels.
The boundary conditions comprise a homogeneous initial
temperature in the solid, T0 , insulated boundaries at the
top and bottom surface of the solid, and a constant temperature Tinlet at the channel inlets (see ﬁg. 1(b)). The
local temperature in the system evolves in time according
to two modes of transfer: the local diﬀusion within both
the solid and liquid and advection in the liquid. There
are no additional exchange terms between the solid and
the channel ﬂow. Four typical time scales associated with
these modes of transfer (similar to those presented in [12])
can be identiﬁed from each system’s set of parameters:
tdiﬀ =

L2
,
D0

ts =

S2
,
D0

trad =

R2
,
D0

tadv =

L
,
vf

(1)

where tdiﬀ is the time to diﬀuse along the length of the
solid; ts is the time to diﬀuse across the spacing between
the channels; trad is the time to diﬀuse radially through
the ﬂuid in each channel; and tadv is the time for the ﬂuid
to travel the length of the channel. Each system can thus
be described by three dimensionless numbers:


tdiﬀ
ts
vf L
L
S
tdiﬀ
=
,λ=
= ,γ=
= .
Pe =
tadv
D0
trad
R
trad
R
(2)
The Péclet number, P e, compares the typical diﬀusion
and advection times, λ represents the slenderness of each
channel, and γ is the spacing ratio. Another useful measure, directly related to γ, is the channel to solid volume
fraction, φ, which compares the volume of each channel,
Ωch to the volume of the surrounding solid, Ωs , as follows:
φ=

Ωch
πR2
=
.
2
Ωs
(S + 2R) − πR2

It can also be expressed as φ−1 =

1
π (γ

(3)

+ 2)2 − 1.

Tracer method. – We simulate advection and diﬀusion in the systems by applying a tracer method similar
to those described in [22–24]. In principle, a large number of tracers are initially randomly placed in the system
and their motion is integrated over short time steps dt.
Their motion includes a random walk component: at
each time step, each tracer is assigned
a random veloc

6D0
ity vector of constant norm v0 =
dt , the orientation
of which is selected at random from the six possible orthogonal directions of a cubic lattice [25]. As a result of
the random walk, the tracers exhibit a diﬀusive behaviour
described by diﬀusivity D0 [22,25]. The advection within
each channel is accounted for by superimposing the selected local ﬂow ﬁeld on the random walk. Typical tracer
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Fig. 2: (Colour on-line) Transfer eﬃciency results for systems featuring plugged ﬂows. (a) Transfer eﬃciency as a function of
vf L
the Péclet number, P e = D
; (b) transfer eﬃciency vs. the product of the channel to solid volume fraction, φ and the Péclet
number. In both (a) and (b), the markers denote the simulation results for three diﬀerent spacing ratios (S/R), and the dashed
lines represent the eﬃciency limits attained for P e → ∞. The corresponding solid lines represent a plot of the model developed
in eq. (10).

motions over one time step are illustrated in ﬁg. 1(b). Random walk (orange arrows) and advection (blue arrows)
deﬁnes the total displacement (black arrows). The integration scheme comprises an Eulerian ﬁrst-order integration of the ﬂow of tracers inside the channel followed
by the random motion. This scheme is applied to each
tracer. The time step adopted for each simulation is the
lesser of a fraction of the typical diﬀusion (10−4 trad ) and
advection time (10−4 tadv ). The tracer density is ﬁxed
at 2 × 109 [tracers/m3 ]. We systematically checked that
smaller time steps and/or more tracers yield the same
results.
Figure 1(b) also illustrates how the system boundary
conditions are implemented in the tracer method. Initially, all tracers carry a scalar temperature indicator of
magnitude T0 (red). Tracers exiting the channel outlet are
reintroduced at the inlet with a scalar quantity of Tinlet
(blue). Insulated boundaries are achieved by reﬂecting
back tracers attempting to cross them. Tracers that pass
through a periodic lateral boundary, reappear at the opposite boundary. The temperature in a domain of interest
can be estimated by averaging the scalar quantities of all
the tracers it contains. For instance, the average temperature of the entire solid, Ts (t), is measured at a given point
in time, t, by averaging the scalar quantities of all the
tracers in the solid at that time.
Measuring the transfer eﬃciency. – Figure 1(c)
presents the evolution of the average temperature in
the solid, Ts , of two systems during two cooling experiments. The two systems feature the same properties (R =
0.00125 m, L = 0.1 m, S = 0.0025 m, D0 = 10−4 m2 /s),
with the exception of the average ﬂow velocity of their

plugged ﬂows (vf = 1 m/s compared to vf = 2 m/s).
Cooling is quicker with the faster ﬂow. A typical cooling time, tx , is deﬁned that corresponds to the time
needed for the solid to cool by x per cent such that
Ts (t = tx ) = x%(T0 − Tinlet ). We adopt x = 80%. This
cooling time is then compared to the typical diﬀusion time,
tdiﬀ , to deﬁne a dimensionless transfer eﬃciency:
E=

tdiﬀ
.
t80

(4)

Note that the choice of t80 as a typical cooling time
is arbitrary, and other values could equally be used. We
checked that using t40 , t50 or t60 instead of t80 did not
signiﬁcantly change the nature of the results presented
below.
We ﬁrst consider systems featuring a plugged ﬂow ﬁeld
within each channel with constant ﬂow velocity, vf . A set
of cooling experiments was conducted varying the average
ﬂow velocity, vf , from 10−4 to 10 m/s; the channel (and
solid) length, L from 0.1 to 1 m; the channel radius, R from
0.0005 to 0.0125 m; the channel spacing, S from 0.001
to 0.1 m; and the intrinsic diﬀusivity, D0 from 10−8 to
10−4 m2 /s. Figure 2(a) shows the corresponding transfer
eﬃciency as a function of the system’s Péclet number,
grouping the tests by spacing ratio. Depending on these
two dimensionless numbers, a wide range of transfer efﬁciency values may be achieved, following a seemingly
generic family of curves. When re-plotted against the
product of the volume fraction, φ and the Péclet number
in ﬁg. 2(b), the data appear to collapse onto a single curve
for low to intermediate values of φP e. For relatively larger
φP e values, the eﬃciency results appear to approach an
asymptotic limit that diﬀers for each spacing ratio tested.
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φP e = 1
φP e = φP et
To assess this eﬃciency limit for each spacing ratio when
P e −→ ∞, we ran a further set of simulations where the
Linear regime
Diffusion-dominant
Saturation regime
regime
φP e
ﬂow velocity was set to inﬁnity by forcing all tracers that
enter the channel to immediately exit via the channel outlet. The results are presented in ﬁg. 2 as dashed lines.
They conﬁrm the existence of a maximum eﬃciency for Fig. 3: (Colour on-line) Three regimes of transfer eﬃciency
deﬁned by limiting values of φP e.
P e −→ ∞, that depends on the spacing ratio.

Modeling the transfer eﬃciency. – The results in
ﬁg. 2 demonstrate a consistent scaling of the transfer efﬁciency with the Péclet number and the volume fraction.
Let us now seek to rationalize these results by developing
a minimal model based on the typical rates of diﬀusion
and advection. Tracers typically diﬀuse along the length
1
. When a ﬂow is
of the solid at a rate given by tdiﬀ
introduced within the channels, the rate at which tracers
1
are typically advected the length of a channel is tadv
.
The model will involve three regimes, summarised in ﬁg. 3.
In a diﬀusion-dominant regime, diﬀusion can sweep the
entire solid volume, Ωs before the ﬂow is able to ﬂush the
volume of the channel, Ωch . This regime is thus delineated
1
1
≥ Ωch × tadv
, which can also be
by the condition, Ωs × tdiﬀ
expressed as
φP e ≤ 1.
(5)
In this diﬀusion-dominant regime, the ﬂow does not signiﬁcantly enhance the eﬃciency of the transfers, leading
to an eﬃciency of the order of 1.
Following the same reasoning, when φP e > 1, the ﬂow
should enhance the transfer eﬃciency of the system. This
eﬃciency can be estimated by considering the heat budget of the volume of the solid. This budget includes the
evolution of the heat in the solid, ρ cp Ωs Ṫs and the divergence of the heat ﬂux within the channel, ρ cp Ωch vf ∇Tch
where ∇Tch is the average gradient of temperature within
the channel. The heat budget can thus be expressed as
Ṫs = −φvf ∇Tch .

(6)

To deduce the temperature evolution of the solid from
this heat budget, the main challenge is to estimate ∇Tch .
This can be done by analysing the extent to which the
channel is utilised to transport heat from the solid to the
outlet. This in turn is linked to the rate at which tracers
diﬀuse from the solid-channel boundary through to the
1
.
core of the channel given by trad
1
1
> Ωch × tadv
,
In the linear regime, deﬁned by Ωch × trad
the entire cross-section of the channel is utilised, as tracers
are typically able to carry heat from the solid to the core
of the channel before they are ﬂushed to the outlet by the
ﬂow. As a result, along the length of the channel, the average temperature within the channel, Tch (z), is assumed
to reach the average temperature of the surrounding solid,
Ts (z). This assumption is supported by the observed temperature proﬁles in ﬁg. 4. Accordingly, in this regime, the
gradient of temperature in the channel ∇Tch can be apinlet
proximated by Ts −T
. The heat budget (6) can then
L

 t=t
 t=t80 vf
dTs
be integrated, t=0 80 − Tinlet
−Ts = t=0 φ L dt, to determine t80 = − ln(0.2) φvLf . Therefore, the corresponding
eﬃciency scales like
E ≈ φP e.

(7)

1
=
We expect this linear regime to end where Ωch × trad
1
Ωch × tadv , which corresponds to the Péclet number

P et =

L2
= λ2 .
R2

(8)

We enter the saturation regime when the Péclet number
exceeds this transition value. As the rate at which tracers are ﬂushed along the length of the channel increases
relative to the rate at which tracers can diﬀuse radially,
1
1
> Ωch × trad
, a decreasing fraction
such that Ωch × tadv
of the channel’s cross-sectional area is utilised to transport heat from the solid to the outlet. As a result, only a
relatively small ring-like cross-sectional area close to the
channel wall approaches the average temperature of the
surrounding solid. The remaining channel core remains at
temperatures similar to the cooler ﬂuid inlet temperature,
as illustrated in ﬁg. 4. In order for tracers to have the opportunity to diﬀuse to the core of the channel before reaching the outlet, the channel would need to be longer than
L. Speciﬁcally, the channel would need to typically be of
length l = vf trad . If this were the case, over the length l,
we would expect the average temperature throughout the
channel to reach the average temperature of the surrounding solid. Accordingly, the gradient of temperature in the
channel in the saturation regime, ∇Tch , can be estimated
inlet )D0
inlet
= (Ts −T
. Reconsidering the heat budget
by Ts −T
l
vf R 2
of the solid from eq. (6) and substituting this estimation
 t=t
 t=t
dTs
0
of ∇Tch leads to t=0 80 Ts −T
= t=0 80 φ D
R2 dt. Solving
inlet
for t80 yields an eﬃciency in the saturation regime that
scales like
(9)
E = φP et .
The eﬃciency in the three identiﬁed regimes is summarised in ﬁg. 3 and can be modeled by a single interpolating function. We propose
E ≈ 1 + φP e 

1
1+

Pe
aP et

,

(10)

where a is a ﬁtting numerical constant. Figure 2 demonstrates that this function captures all the results across the
regimes. Best ﬁts were obtained with values of a ranging
from 1 to 1.6.
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Fig. 4: (Colour on-line) Comparison between two systems where R
= 2 (Top system: P e = 103 . Bottom system: P e = 105 ).
(a) Transfer eﬃciency as a function of φP e from ﬁg. 2. The top system lies in the linear regime. The bottom system falls
within the saturation regime. (b) Snapshots of tracers at time t40 . Tracers carrying a temperature indicator of T0 and Tinlet are
tagged in red and blue, respectively. Three slices each of thickness L8 are pictured: the top slice featuring the channel outlet, the
bottom slice featuring the inlet, and a middle slice centered at L2 . (c) The temporal evolution of the average temperature within
the channel and surrounding solid of each slice. Average temperatures within the channel of the system in the linear regime
remain signiﬁcantly closer to the average temperatures of the surrounding solid as compared to the system in the saturation
regime.
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Fig. 5: (Colour on-line) Transfer eﬃciency results for systems featuring Hagen-Poiseuille ﬂows.
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