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Abstract
The compression of granular materials has been traditionally modelled with the limitations of
classical elasto-plasticity. The energy was implicitly assumed to dissipate from the frictional
interaction of particles. However, the fact that brittle granular materials crush suggests that energy
must also be dissipated from the fracturing of the grains, as in fracture mechanics. The concept of
breakage as a thermomechanical internal variable was introduced in Part I [Einav, I., 2006. Breakage
mechanics—Part I: theory. J. Mech. Phys. Solids 00,000–000] to describe the fracturing mechanisms.
The theory allows to treat ideal theoretical materials that undergo dissipation purely from breakage
with no other mechanism allowed for the energy consumption. However, as accounted for in
elasto-plasticity, dissipation must also occur from the frictional rearrangement of grains. The
combination of the two dissipative mechanisms of breakage and plasticity must therefore be
investigated, as we do in this paper. Those two mechanisms are generally coupled, in the sense that
one inevitably appears when the other develops. Plastic dissipation emerges as a by-product of
breakage dissipation because after grains crush, local rearrangement must occur. This scenario may
be termed an ‘active breakage mechanism’, and typiﬁes compression deformations. In shear the
plastic dissipation is dominant but breakage appears inevitably from grains abrasion. This scenario
may be called a ‘passive breakage mechanism’. Based on the coupling assumption, models are
developed for granular materials. In particular, we show that in compression isotropic hardening of
sands may appear without involving plastic strains, i.e., independent of frictional dissipation. This
interpretation of hardening is different from the one used in classical critical state soil mechanics.
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However, frictional dissipation leads to plastic straining that are necessary for the models to be
predictive in unloading.
r 2006 Elsevier Ltd. All rights reserved.
Keywords: Granular materials; Breakage; Plasticity; Micromechanics; Dissipation

1. Introduction
Since the number of ﬂaws within particles is relative to their sizes, the collective
behaviour of the sand agglomerate is isotropically strength hardening under compression
as particles get smaller (e.g., McDowell et al., 1996). Isotropic hardening was linked to the
fracturing of particles and the creation of new surface area by introducing the concept
of clastic hardening and separating between dissipation from fracture and plasticity
(McDowell and Bolton, 1998). The fracture term, however, was degenerated into the usual
plastic dissipation term for a particular one-dimensional consolidation loading case. This
does not allow the clastic hardening theory to be developed further for other loading
conditions that may apply to the material. In this paper we analogously show that
isotropic hardening may be related to the growth of breakage in Continuum Breakage
Mechanics (CBM) models, parallel to the effect of increasing surface area. In doing so, we
strengthen the conclusion that isotropic hardening is indeed related to fracture type of
dissipation rather than to plastic dissipation. However, the CBM theory allows developing
‘‘complete’’ models. By ‘‘complete’’ we mean models that predict the behaviour of
crushable granular materials under different loading conditions, such that it would be
possible to integrate them in ﬁnite element programs.
The growth of breakage describes the evolution of the grain size distribution from an
initial to ultimate distributions. In Part I (Einav, 2006) of this paper we incorporated the
concept of breakage as an internal variable in a thermomechanical analysis and developed
the theory for constructing CBM models. The theory allows to treat ideal theoretical
materials that purely undergo dissipation from breakage with no other mechanism allowed
for the energy consumption. We cannot neglect, however, that additional dissipation in
granular materials arises from frictional rearrangement. The frictional dissipation is
most efﬁciently described in terms of the conventional dissipation of plasticity. The
combination of the two dissipative mechanisms of breakage and plasticity must therefore
be investigated, as we do in this paper.
Those two mechanisms are generally coupled, in the sense that one inevitably appears
when the other develops. Plastic dissipation emerges as a by-product of breakage
dissipation because when grains crush local rearrangement must occur. This scenario may
be termed an ‘active breakage mechanism’, and typiﬁes compression deformations. In
shear the plastic dissipation is dominant but breakage appears inevitably from grains
abrasion. This scenario may be called a ‘passive breakage mechanism’. Based on the
coupling assumption the CBM theory is taken further, and models are developed for
granular materials. In particular, we show that in compression isotropic hardening of
sands may appear without involving plastic strains, i.e., independent of plastic dissipation.
This interpretation of hardening is therefore different from the one used in classical
critical state soil mechanics. However, plastic dissipation leads to plastic straining that are
necessary for the models to be predictive in unloading.
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Fig. 1. One-dimensional cyclic compression test presented in either (a) elog(sv) plot (after Biarez and Hicher,
1994) or (b) evlog(p) plot (re-plotted ﬁgure).

1.1. Compression of sand
In critical state soil mechanics plastic strains are assumed to commence when the mean
effective stress, p, meets the ‘‘pre-consolidation pressure’’, py, under isotropic (q ¼ 0)
compression conditions. In the early developments of critical state soil models for
remoulded clays (Schoﬁeld and Wroth 1968; Roscoe and Burland 1968), the preconsolidation pressure was expressed purely using the speciﬁc volume v ¼ 1 þ e (with e
being the void ratio). In these models the normal compression curve (p ¼ py ) was assumed
to be linear in e–log(p) space, with a slope designated by l.1 A more recent suggestion is to
express linearity between the pre-consolidation pressure and the void ratio in log–log space
(e.g., Butterﬁeld, 1979), i.e., a linear relation between log(p) and log(1+e). The increments
of the volumetric strain dev and void ratio de can be approximated by dev ¼ de=ð1 þ eÞ, so
for a linear relation in log(v)log(p), the linearity may also be assumed in evlog(p) with a
modiﬁed slope l* in space. For clays, the initial volumetric strain may be assumed by
ev0 ¼ logðvl =v0 Þ (Einav and Carter, 2007), where vl signiﬁes the speciﬁc volume at the
reference pressure. The merging of p with py when plastic straining commences, and the
linearity of the compression curve in elog(p) space, was shown to be suitable for sand as
well as other crushable aggregates (Novello and Johnston, 1989).
Fig. 1(a) demonstrates a typical one-dimensional cyclic compression plot for petroleum
coke by Biarez and Hicher (1994). The plot also shows values of uniformity coefﬁcient
increasing to a constant value at lower void ratios, in which stage the curve starts to be
concave. The point is schematically added in the ﬁgure. McDowell et al. (1996) suggest that
this in effect marks the possible limit of comminution, added to the fact that void ratios
cannot be negative. The end of the comminution may in return be linked to the asymptotic
1

Not to be confused with the ‘non-negative plasticity multiplier’ which will be used later.
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approach of breakage towards one, hence the infrequency of crushing events. Before
moving towards the asymptotic end of comminution, the curve is indeed fairly linear as
assumed in critical state soil mechanics. Fig. 1(b) re-plot the same curve in evlog(p) space,
showing linearity over a wide range of stresses with a slope being marked as l*. The
analysis in this paper is limited to represent the behaviour before going out of the upper
limit of the comminution domain.
The usual modelling scheme in critical state soil mechanics is to measure l (or l*),
phenomenologically, directly from the curve, and impose the linear relation in the elog(p)
space (or the evlog(p) space) when developing models. This does not allow, for example,
to predict any change in the behaviour when the grain size distribution or other physical
parameters change. Instead, any change needs recalibration of the parameter l. Can we
ﬁnd a more rational way?
In this paper we follow a more recent approach, that was originally undertaken by
McDowell et al. (1996). In this approach the physical reasons to the logarithmic linearity is
sorted out rather than ignored. However, unlike McDowell et al’s work, we end up not
only with a conceptual explanation, but follow a ‘rigorous’ procedure and the models can
be ‘operational’. In ‘rigorous’ we mean that the evolution equations can be derived based
on a modern thermomechanical procedure. In ‘operational’ we mean that models may
predict the soil response for any loading conditions, using a new mathematical framework
(the Theory of CBM). In doing so, the current work provides the ﬁrst consistent method to
asses the effect of grain size distribution, and the way it evolves, on the stress–strain
response of the material.
2. Pure elastic-breakage theory
In Part I of this paper the new theory of CBM was presented. The theory was limited for
pure elastic-breakage models (total strain is also the elastic strain e ¼ ee ). An emphasize
was placed to the fact that the theory provides a direct physical interpretation to the
different internal variables. The entire constitutive response of CBM models may be
consistently derived by following a thermomechanical procedure. In the following we
present a brief description of the theory, referring to equations from Part I by the notation
PI(x), where ‘x’ refers to the equation number from Part I. It is also convenient to replace
total strain symbol e, from Part I, by the elastic strain symbol ee because this will enable us
to extend the study for elastic-plastic-breakage models in ease.
2.1. Helmholtz free energy
The general structure of pure elastic-breakage Helmholtz free energy is given by (PI(26))
C  cr ðee Þ½ð1  BÞm0 þ Bmu .

(1)

C  cr ðee Þð1  WBÞ,

(2)

pﬃﬃﬃﬃﬃﬃﬃ
Taking the reference grain size as d r ¼ J 20 (see PI(41)), then for a system of spheres
where using m0 ¼ 1 and mu ¼ J 2u =J 20 (see PI(46)), we designate
W¼1

J 2u
.
J 20

(3)
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We note that 1XWX0. The second order moments of the initial and ultimate grain size
distributions, p0(d) and pu(d), are given by applying PI(19):
J 20

 
 d2 ¼

Z

dM

d 2 p0 ðdÞ dd,

(4)

d 2 pu ðdÞ dd.

(5)

dm

J 2u

 
 d2 ¼

Z

dM

dm

Therefore the parameter W measures the proximity of the initial to ultimate grain size
distributions.
For example, assuming that the ultimate distribution is fractal (see PI(A.11) and PI(35))
J 2u ¼

3a 2
d .
5a M

(6)

The stress is given by differentiating Eq. (2) with respect to the elastic strain as
s ¼ c0r ðee Þð1  WBÞ,

(7)

where c0r ðee Þ ¼ qcr ðee Þ=qee . Using Eqs. (3) and PI(36) and PI(53), we write the ‘breakage
energy’ and ‘residual breakage energy’ by
E B ¼ Wcr ðee Þ,

(8)

E B ¼ E B ð1  BÞ ¼ ð1  BÞWcr ðee Þ.

(9)

2.2. Breakage growth and dissipation
In PI(57) the following yield criterion was adopted:
yB ðB; E B Þ ¼ E B ð1  BÞ2  GB p0

(10)

proposing that GB is a breakage strain energy constant of material. The breakage
dissipation may be written in two various forms by PI(58) and PI(59a):
~ B ¼ G B ð1  BÞ2 dB,
F

(11)

~ B ¼ E B dB ¼ dE  .
F
B

(12)

The second form may also be interpreted as a ‘breakage growth criterion’, stating
that energy dissipation from breakage is fully attained from loss in residual breakage
energy (see PI(59b)). Fig. 2 portrays the physical meaning of this breakage growth
criterion, showing the area linked with the change of the residual breakage energy
E B , i.e., dE B . It seems very attractive to postulate that the breakage dissipation will
equate dE B , since the associated area represents only those particles that has undergone a
change in their size.
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Fig. 2. Schematic representation of the postulate of breakage growth criterion.

3. A pure elastic-breakage compression model
3.1. Mathematical representation
Based on the Helmholtz free energy in the reference grain fraction in Eqs. (A.5) and
(A.6), and using Eq. (2), the total Helmholtz free energy of crushable granular materials
may be expressed as

 2m
p xðeev Þ pr
C¼ r
ð1  WBÞ for 0pmo1,
(13)
K̄ ð2  mÞ


C ¼ pr k exp ðev  ev0 Þ=k ð1  WBÞ for m ¼ 1.

(14)

The pressure is then modiﬁed from that of Eqs. (A.3) and (A.4):
p ¼ xðeev Þð1  WBÞ

(15)

so that only before commencement of breakage (while B ¼ 0), the above expression agrees
with Eqs. (A.3) and (A.4). The breakage energy is calculated by applying Eq. (8):
 2m

pr xðeev Þ pr
EB ¼ W
(16)
K̄ ð2  mÞ
with K̄ ¼ 1=k when m ¼ 1.
Before yielding and commencement of breakage the relation between the pressure and
volumetric strain is given by p ¼ xðeev Þ, where xðeev Þ is given in Eqs. (A.3) or (A.4). This
continues until E B ¼ G B , from then on breakage develops. The pressure at the
commencement of breakage is
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2m G B K̄ð2  mÞ
.
(17)
py0 ¼ pr
Wpr
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when m ¼ 1, py0 ¼ G B ðk WÞ1 . This ‘initial’ yield stress is related to the initial preconsolidation pressure in critical state soil mechanics. Since K̄ is a function of the
initial void-ratio, and W is a function of the grain sizes, so should the initial preconsolidation pressure be. This means that py0 depends on the initial state, i.e., initial void
ratio e0 and initial grain size distribution, p0(d), in agreement with the experimental
conclusion by Nakata et al. (2001). However, the strain energy breakage constant GB is
believed to be an average constant of the overall granular assembly (i.e., not of individual
grains), and independent of the state. This presents another attractive outcome that this
work offers.
After yielding the breakage is given by combining Eq. (16) with Eqs. (10) and (A.3):
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K̄ ð2  mÞG B e m2
B¼1
xðev Þ ,
(18)
Wpm1
r
with K̄ ¼ 1=k when m ¼ 1. The explicit stress–strain curve is given simply by substituting
the last relation in Eq. (15).
3.2. Model behaviour
Fig. 3 presents typical compression stress–strain curves of the pure elastic-breakage
model in a semi-logarithmic scale, for a sample with initial void ratio of e0 ¼ 1:5 and
maximum void ratio of emax ¼ 1:8. The elastic parameters are taken as m¼1 =2 , and
K̄ ¼ 500. The breakage strain energy constant, for this ﬁgure, is G B ¼ 10 kPa. The ratio
between the ultimate and initial second order moment of the grain size distributions is
taken in the range of 0–1 in increments of 0.1, giving W ranging from 1 to 0 with opposite
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Fig. 3. Effect of grain size distribution on compression curves in pure elastic-breakage model.
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Fig. 4. ‘Isotropic hardening’ in compression pure elastic-breakage model: (a) stress–strain curve in semilogarithmic scale and (b) breakage growth against volumetric strain.

increments. As W gets smaller, the potential of the grains to crush reduces, presenting a less
dramatic change in the curve. Furthermore, the initial yield pressure, py0, increases
according to Eq. (17), until it tends to inﬁnity when W ¼ 0. In these conditions, which
represents a situation where the initial grain size distribution is already the ultimate one,
breakage will not develop.
Fig. 4(a) presents the corresponding loading–unloading–reloading compression curve
for the same theoretical material with W ¼ 0:9. For the breakage strain energy constant of
G B ¼ 10 kPa, the initial pre-consolidation pressure is py0 ¼ 411 kPa. Fig. 4(b) presents the
growth of breakage with volumetric strain. As is seen, the breakage remains constant
during unloading. In reloading, it remains constant until the sample yields again, but
at a higher pressure value than py0. Then the breakage continues to growth again,
asymptotically towards one. The fact that the yielding point increases from its initial py0
value, with breakage, gives an alternative physical explanation to the so-called ‘isotropic
hardening’ in granular materials. This is in accord with McDowell et al. (1996). The
increase in the pre-consolidation pressure is directly viewed as the outcome of grain
fracture, growth of surface area, and breakage. From CBM view point, the yield strength
increases because the grain size distribution is shifting gradually towards smaller particles.
Since fragmented particles store less strain energy than the originally bigger particles (see
details in Part I of the paper, where the energy split hypothesis is introduced), more
straining is needed to attain the same breakage criterion (and getting back to the same
strain energy constant). In other words, the overall aggregate is isotropically breakage
hardening.
The unloading elastic modulus degrades with the growth in breakage, such that upon
unloading back to the reference pressure pr, the volumetric strain returns to its initial value,
without any plastic strains. It is widely accepted, however, that sands undergo residual
strains in this loading scenario, so that predictive models must include further dissipation
from friction. The frictional dissipation is most efﬁciently described in terms of the
conventional plastic dissipation of plasticity. The combination of the two dissipative
mechanisms of breakage and plasticity must therefore be investigated, as we do in the
next section. We note that the secondary compression curve in this pure elastic-breakage
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model is non-linear in this plot, while the typical curve in Fig. 1(b) presents linearity
when comminution occurs. As we shall see, the addition of plastic dissipation can adjust
this deviation.
4. Elastic–plastic-breakage formulation
The constitutive behaviour of brittle granular materials would mostly relate to
two general dissipative mechanisms: dissipation from plasticity and dissipation from
breakage. These two mechanisms are generally coupled in the sense that one inevitably
appears when the other develops. Based on the coupling assumption, an elastic–plasticbreakage theory is developed for granular materials. However, we start by presenting the
mathematical foundation of plastic dissipation and developing an uncoupled approach.
This uncoupled approach will provide a good starting point before advancing to the couple
approach.
4.1. Plastic dissipation
The frictional dissipation is most efﬁciently described in terms of the conventional
plastic dissipation of plasticity. For rate independent materials the increment of plastic
dissipation is assumed homogeneous ﬁrst order function of the plastic strain increment


~ p B; dep

 qF
~ p B; dep 
F
: dep ,
(19)
qdep
where ep and dep are the plastic strain and its increment, and satisfy the cumulative
decomposition of strains:
e  ee þ ep ,

(20)

de  dee þ dep .

(21)

The decomposition assumption is generally regarded as one of the most effective
working hypothesizes in soil mechanics. It is important to mention, however, that there are
theoretical grounds to question the validity of this hypothesis since the contact law
between particles is non-linear in nature, (see Collins and Einav, 2005). Nevertheless, since
this assumption has proven useful over the years, let us proceed by adopting it.
4.2. Uncoupled dissipation and two separate yield conditions
~ is a combination of the plastic F
~ p and
The total increment of dissipation potential F
~
breakage FB components. In ‘uncoupled’ models, those two terms are assumed to be
additive:
~ ¼F
~p þF
~ B X0
F

(22)

Considering Eqs. (11) and (19):
~
~
~ ¼ qF : dep þ qF dB,
F
qdep
qdB

(23a)
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(23b)

Combining the last equation with the increment of stored energy in Eq. (2), the
incremental decomposition assumption in Eq. (21), and the energy conservation law
from PI(21):
~ ¼ dC þ F
~
W

(24)

gives a modify version of PI(34):



~p

qF
s  c0 ðee Þð1  WBÞ : dee þ s 
qdep


~B
qF
: dep þ Wcðee Þ 
dB ¼ 0.
qdB

(25)

From which one gets
s ¼ c0 ðee Þð1  WBÞ,
s¼

~p
~
qF
qF
¼
.
qdep qdep

(26a)
(26b)

Eq. (26a) is similar to Eq. (7), but this time the stress is also given by Eq. (26b) whenever
yielding occurs. This gives rise to plastic strains.
The breakage energy may also be deﬁned in two various forms:
E B ¼ Wcðee Þ,

(27a)

~
~B
qF
qF
¼
,
(27b)
qdB qdB
where the second equation implies breakage growth whenever yielding occurs. Using
Eqs. (26b) and (27b), Eq. (23) may be re-written as
EB ¼

~ ¼ s : dep þ E B dB.
F

(28)

As in pure elastic-breakage models, we identify the breakage yield condition:
~ B ðB; dBÞ ¼ 0,
lB yB ðB; E B Þ  E B dB  F

(29)

but unlike the pure elastic-breakage models an additional plastic yield condition could be
deﬁned:
~ p ðB; dep Þ ¼ 0,
lp yp ðB; sÞ  s : dep  F

(30)

where yp ðB; sÞp0 and lp X0.
4.3. Coupled dissipation and a single combined yield condition
A less trivial form of dissipation than Eq. (22) is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~ ¼ F
~ 2 þ F
~  2 X0
F
p
B

(31)

in a way that maintains the ﬁrst order dependence of the total dissipation on the
~  and F
~  is added to highlight that those terms are
increments. The superimposed ‘*’ in F
p
B
~ p and F
~ B , but are still homogeneous ﬁrst order functions of
conceptually different than F
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the plastic strain and breakage increments. We note that
~  qF
~
~
F
qF
p
p
¼
,
~ qdep
qdep
F

(32)

~  qF
~
~
F
qF
B
B
¼
,
~ qdB
qdB
F

(33)

thus it is still possible to show, together with Eqs. (11) and (19), that Eq. (23a) is
maintained:
~
~
~ ¼ qF : dep þ qF dB.
F
qdep
qdB

(34)

However, combining this with Eqs. (32) and (33) shows that Eq. (23b) is not satisﬁed this
time. This is due to the coupling between the dissipative mechanisms.
Eq. (25) is therefore slightly modiﬁed:


~
~


qF
qF
0
s  c ðee Þð1  WBÞ : dee þ s 
dB ¼ 0,
(35)
: dep þ Wcðee Þ 
qdep
qdB
thus
s ¼ c0 ðee Þð1  WBÞ,
s¼

(36a)

~  qF
~
~
F
qF
p
p
¼
,
~ qdep
qdep
F

(36b)

E B ¼ Wcðee Þ,
EB ¼

(37a)

~  qF
~
~
F
qF
¼ B B.
~ qdB
qdB
F

(37b)

Again, the pure elastic-breakage relations (7) and (8) are satisﬁed. However, the
dissipative deﬁnitions of the stress and breakage energy in Eqs. (36b) and (37b) have been
modiﬁed compared to Eqs. (26b) and (27b). While the ﬁrst equality in each of these
~  =F
~ and F
~  =F.
~ This is
equations remains similar, the second equalities are multiplied by F
p
B

~
attributed to the dissipative coupling. Any dissipation from plastic straining Fp is related
~.
to breakage dissipation F
B
This means, as opposed to Eqs. (29) and (30), that only a single yield condition may be
~ Since the total dissipation is still ﬁrst order in the
recovered from the total dissipation F.
increments, a combined Legendre transformation is given by
~ ¼ 0.
ly  s : dep þ E B dB  F

(38)

The general form of the yield surface may be extracted by eliminating the plastic strain
and breakage increments from Eqs. (36b) and (37b), using (31):
!2
s:s
EB
i h 
iþ
 1p0.
(39)
yh 
~  =qdB
~ =qdep
~ =qdep : qF
qF
qF
B
p

p
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~ and F
~ are ﬁrst order homogeneous functions, their derivatives are zero order
Since F
p
B
homogeneous functions of the increments, and therefore also the yield function.
The following ﬂow rules are deduced:
dep ¼ l

qy
s
i h 
i,
¼ 2l h 
qs
~ =qdep
~ =qdep : qF
qF

(40)

EB
2

~ =qdB
qF
B

(41)

p

dB ¼ l

qy
¼ 2l
qE B

p

both relate to a single non-negative multiplier l.2 This suggests that the ratio between the
increments of the plastic strain and breakage is given by
2

dep qy
¼
dB qs

~  =qdB
qF
B
qy
s
h 
i h 
i.
¼
qE B E B qF
~ =qdep : qF
~ =qdep
p

(42)

p

Combining the last equation with Eqs. (36b) and (37b) suggests that the ratio between
the individual dissipation terms is
~
F
p

~
F

!2
¼

B

s : dep
.
E B dB

Therefore, the dissipation (31) may be re-expressed alternatively by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s : dep

~ ¼F
~
F
1þ
X0,
B
E B dB

~ ¼
F

~
F
p

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E B dB
1þ
X0
s : dep

(43)

(44a)

(44b)

illustrating once again the coupling between the dissipative mechanisms.
Although more subtle than the uncoupled dissipation, the coupled dissipation allows to
strongly connect between plastic straining and breakage. Any micro-mechanism that is
chieﬂy in charge of stored energy release from breakage is supplemented by additional
energy release from plastic dissipation, and vice versa.
The difference between the two forms of dissipation is given by Eqs. (24) and (31), and
illustrated in Fig. 5, where the relations between the total, breakage and plastic dissipation
components are plotted. The coupled model seems mathematically more attractive than
~ ¼F
~ p or F
~ ¼F
~ B.
the uncoupled model, eliminating the corners when F
2
Note- l is conceptually different than the conventional ‘plasticity’ multiplier lp, relating to the increment of
breakage as well as the plasticity increment. It should also not be confused with the slope of the secondary
compression line, as discussed in Section 1.1.
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Fig. 5. Schematic representation of uncoupled and coupled dissipations. Note- these lines should not be
interpreted as ‘yield surfaces’.

5. An elastic–plastic-breakage compression model
In Section 3 a pure elastic-breakage compression model was developed. This model was
successful in portraying the physical grounds behind isotropic hardening in sands. However,
the pure elastic-breakage compression model is rather limited, from a practical point of view,
since upon unloading back to the reference pressure the volumetric strain returns to its initial
value without any residual strains (see Fig. 4). This presents a conceptually different
behaviour than real granular materials, which do show irrecoverable strains upon unloading
(see Fig. 1). The explanation given in the last section is that residual strains may be attributed
conventionally as plastic strains, and are due to frictional dissipation from the relative sliding
and rolling of the grains in the representative volume element.
A convenient way to develop models is to start with an uncoupled dissipation, then advance
it further to a couple model. The ambition in developing models is to be able to follow strong
physical concepts that explain soil behaviour effectively. One of such physical concept is based
on the postulate of breakage growth criterion (see Paper I). This criterion (see Eq. (12))
requires that the breakage dissipation will equate to the loss in residual breakage energy. The
criterion is the outcome of a general yield criterion that was given in Eq. (10). The ambition is
then to add plasticity without neglecting this principle. This is achieved by reorganising the
deﬁnition of plastic dissipation, based on the breakage yield criterion in Eq. (10):
~ p ¼ pdep ¼ p
F
v

GB
depv ,
E B ð1  BÞ2

(45)

where we note that G B =E B ð1  BÞ2 ¼ 1 when breakage develop. Another way to express this
dissipation is given based on the elastic volumetric strain:
e
~ p ¼ xðev Þ ð1  WBÞ GB dep ,
F
cr ðeev Þ ð1  BÞ2 W v

(46)
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which with the transformation in Eq. (30) gives the following plastic yield surface:
yp ¼ p 

xðeev Þ ð1  WBÞ G B
p0.
cr ðeev Þ ð1  BÞ2 W

(47)

It is easy to see that with the deﬁnitions of p ¼ xðeev Þð1  WBÞ, and E B ¼ Wcr ðeev Þ
yp ¼ yB

(48)

so the ambition to satisfy the breakage growth criterion in Eq. (12) is trivially satisﬁed.
To obtain a couple form of total dissipation the individual terms are being factorised by
Fp ¼ sin1 ðoÞFp ,

(49)

FB ¼ cos1 ðoÞFB ,

(50)

where o is introduced as the ‘plastic-breakage coupling angle’, and will be interpreted later
on. Substituting these relations in Eq. (39), noting (11) and (46) gives

2
c ðee ÞW
y  sinðoÞ e r v
p þ ðcosðoÞE B Þ2  G2B ð1  BÞ4 p0.
(51)
xðev Þð1  WBÞ
Since p ¼ xðeev Þð1  WBÞ and E B ¼ cr ðeev ÞW, the above yield criterion may be reduced to
that of a pure elastic-breakage models:
y  yB ¼ E B  G B ð1  BÞ2 p0,

(52)

but at the same time to that of the plasticity condition in Eq. (47):
y  yp ¼ p 

xðeev Þ ð1  WBÞ G B
p0.
cr ðeev Þ ð1  BÞ2 W

(53)

With the aid of the consistency condition dy ¼ dyB ¼ 0, the breakage growth criterion
takes the following form:
E B dB ¼ dE B

(54)

preserving the second equality of Eq. (12).
We are therefore left with the interpretation of the ‘plastic-breakage coupling angle’ o.
Before attempting to link this parameter to physical properties, a simple sensitivity analysis
is useful. Fig. 6 shows the effect of the coupling angle o on the compression curves for
e0 ¼ 1:5, emax ¼ 1:8, W ¼ 0:8, m¼1 =2 , K̄ ¼ 3000, and G B ¼ 10 kPa. The deviation of the
pure elastic-breakage line from the pure elastic line was explained in Fig. 3, and is due to
the difference between the initial and ultimate grain size distribution via W. The shift from
the pure elastic-breakage line to the pure elastic-plastic line is spanned via the coupling
angle o.
When o becomes bigger than about 60–701, the behaviour is essentially linear in the
evlog(p) space. This type of linearity agrees with the experimental results in Fig. 1(b), and
adjusts the non-linear elastic-breakage line.
Fig. 7(a) shows how the breakage develops with applied volumetric strain. Although the
evolution with increase in volumetric strain (or void ratio) depends on the coupling
parameter o, the way it evolves with applied pressure is independent of this parameter.
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This relation is found by combining Eqs. (15), (16) and (53):
ð1  WBÞ
p ¼ py0 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2m
ð1  BÞ2

(55)

and plotted in Fig. 7(b).
The ﬁrst term of the yield surface in Eq. (51) vanishes when o ¼ 01, and the model
reduces to be of purely elastic-breakage type. This corresponds to a zero intergranular
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contact friction angle. As o gets larger, the material shows more plastic strains for the
same amount of total strain. When o ¼ 901 the yield surface in Eq. (51) looses its second
term, and the model becomes essentially elastic-perfectly-plastic. This extreme case may be
the situation when the intergranular contact friction coefﬁcient is extremely large, in which
case the fracturing dissipative mechanisms (or breakage) are negligible compared to
frictional mechanisms from local rearrangement of grains. In Tribology, the (static)
coefﬁcient of friction, m, has essentially no upper limit for ideal metals that are thoroughly
cleaned in dry vacuum (Hutchings, 1992), and this corresponds to a friction angle of
f ¼ 901. We might expect to have an increase of o from 0 to 901 with f increasing equally.
However, when measured in air at room temperature with 50% relative humidity the
values of m are much smaller. The reduction in the coefﬁcient of friction is because the
smallest trace of oxygen or H2O creates an oxide ﬁlm along the contacting surfaces.
The coefﬁcient of friction of most metals would range between m ¼ 0:5 and 1.5 (Ashby and
Jones, 1980). Many metals, such as mild steel, are characterised by their ductility in shear
deformation, where the shear stress–strain curve may be assumed, to a good order, as
non-hardening perfectly plastic. We might expect that ductility will also appear in the
compression of a system of metallic spheres, since although the boundary stresses are
hydrostatic, the individual balls undergo signiﬁcant microscopic shear. Therefore,
although the exact correlation between o and f is uncertain, we believe that the of
relation should satisfy o ¼ 01 when f ¼ 01, growing up to o ¼ 901 when m increases to
about 0.5–1.5 (i.e., f ¼ 26.5–56.51). In this setting, the ductile behaviour of a system of
metallic balls will correspond to the extreme value of o ¼ 901 (see Fig. 6). Let us assume
for convenience the linear relationship
o ¼ af,

(56)

where a is introduced as an unknown constant. Since the extreme o ¼ 901 should
correspond to f from 26.51 to 56.51, a is expected to be in the range of 1.6–3.4. This
assumption will be tested when comparing the theory with physical results, and providing a
ﬁrst estimation for a.

6. Comparison with physical results
Nakata et al. (2001) have provided sufﬁcient details to examine the performance of the
new theory in predicting sand behaviour under high pressure one-dimensional compression
tests. Fig. 8 shows the evolution of grain size distribution curves of angular Silica sand with
increasing vertical stress, plotted on a semi-logarithmic scale. The stress levels at which the
grain sizes were measured are marked on an elog(sv) plot in Fig. 9. As can be seen from
the ﬁgure, the sand sample has an initial uniform grain size distribution with a maximum
grain size of d M ¼ 1:7 mm and a minimum grain size of d m0 ¼ 1:4 mm. This distribution
remains more-or-less the same till the vertical stress exceeds a threshold of more than
9.6 MPa. From this point onwards the curves start to deviate from the initial distribution
consistently towards an ultimate state. This ultimate distribution is unknown, but a fractal
distribution may be a good starting point, as discussed in Part I (Einav, 2006). Such a
theoretical ultimate fractal distribution is depicted in Fig. 8, for a fractal dimension of
a ¼ 2:55.
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For an initial uniform distribution with particles ranging from dM down to dm0 (the
‘originally’ smallest grain size) J20 is given by
J 20 ¼

d 3M  d 3m0
.
3ðd M  d m0 Þ

(57)

2
Forpdﬃﬃﬃﬃﬃﬃ
Mﬃ ¼ 1:7 and d m0 ¼ 1:4 mm, J 20 ¼ 2:41 mm , suggesting a reference grain size of
d r ¼ J 20 ¼ 1:552 mm, which is nearly the average grain size. For an ultimate fractal
distribution with a ¼ 2:55 and d M ¼ 1:7 mm, Eq. (6) gives J 2u ¼ 0:312 mm2 . Using Eq. (3),
W ¼ 0:87.
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The power function coefﬁcient ‘m’ of the elastic relationship is assumed 1/2 to represent
the Hertzian contact law between particles. This in conjunction to the initial portion of the
stress–strain curve suggests K̄ ¼ 4600. For an initial yield stress of py0 ¼ 7:3 MPa, we ﬁnd,
using Eq. (17), that for this particular Silica sand the breakage strain energy constant
should be around G B ¼ 70:5 kPa. The advantage as compared to conventional models,
which use py0 as a constant, is that GB is independent of the initial void ratio e0 and
grain size distribution, while as noted by Nakata et al. (2001), py0 is indeed dependent on
these parameters. For an initial void ratio of e0 ¼ 0.666 and maximum void ratio of
emax ¼ 0.881, Fig. 9 can be re-plotted as a stress–strain pev curve, or evlog(p) plot in
Fig. 10, assuming that the lateral/axial effective stress ratio is K 0 ¼ 0:35.

a

b

60
theory
experiment

volumetric strain, ev

50

p, MPa

40
30
20
10
0

0.1

0.01

1

10

100

0
-0.1
-0.2
-0.3
-0.4

theory
experiment

-0.5
0

0.1

0.2

0.3

0.4

0.5
p, MPa

volumetric strain, e

Fig. 10. 1D compression test on well graded sand (unloading cycles are predicted only using the theory): (a) p–ev
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The agreement between the theory and the experiment is excellent when the plasticbreakage coupling angle o is 681. Experience with angular Silica sand, such as the
one used by Nakata et al. (2001), suggests a friction angle of about f ¼ 371 (personal
communication with Airey, 2006) This, using Eq. (60) suggests that the constant
a ¼ 1:8. A perfectly plastic behaviour would occur when o ¼ 901 and f ¼ 501, within the
anticipated range of values.
The theoretical relation between the breakage and pressure, given by Eq. (55), can now
be assessed. We measure the breakage, for the different stress levels, based on the
experimental evolution of grain size distribution in Fig. 8, and the comparison is given in
Fig. 11. The qualitative agreement is excellent, especially highlighting that no other
physical theory has been proposed prior to this work to link between the breakage and the
stress–strain behaviour of brittle granular materials.

7. Discussion on modelling shear deformations
Crushing of particles occurs in shear, as well as in compression. The above models
were aimed for compression deformations only. During shear, localised shear bands
may emerge to minimise energy by transmitting most of the velocity changes. When
the particles are sufﬁciently ‘strong’, they may carry the excess normal micro forces
that arise from the conﬁned dilation. However, when the excess normal forces exceeds
the particle strength, internal crushing begins. Hence, the ability to describe particles
breakage directly via the constitutive relations should make an important research
aim. The purpose of this section is only to pinpoint a possible direction for adding shear
strains, rather than attempting to develop a deﬁnite model. This step of the paper is
important for illustrating that the CBM theory may enable the derivation of complete
models.
Within the framework of critical state soil mechanics, a general way to describe the
dissipation in terms of shear and compression is given by (e.g., Collins and Houlsby, 1997)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
2
~
Fp ¼ py ðdÞ depv þ M 2 deps ,
(58)
2
where eps is the plastic shear strain, and M relates between the shear stress q and pressure p
at failure conditions (i.e., Zu  qu =pu ¼ M), and is purely a function of the friction angle f.
Finally, py ðdÞ is the pre-consolidation pressure, being a function of a variable ‘’, which
can be the plastic volumetric strain epv , or the total volumetric strain ev (Einav and Carter,
2007).
In relation to Section 4.3, the above dissipation may, in fact, be viewed to couple
~ v and the shear plastic dissipation F
~ s , by
between the volumetric plastic dissipation F
p
p
representing (58) via
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
s 2
Fp ¼ Fv
(59)
p þ Fp ,
with
~ v ¼ 1 py ðdÞdep ,
F
p
v
2

(60)
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~ s ¼ 1 Mpy ðdÞdep .
(61)
F
p
s
2
This highlights, however, an important limitation of conventional critical state models,
where the overall dissipation ignores any fracture (or breakage) mechanisms.
This aspect could be rectiﬁed by employing the CBM formulation; for example, by
adding an additional shear plastic term into the square root of Eq. (31), and accounting for
(49) and (50)
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~ ¼ sin2 ðoÞF
~ v 2 þ cos2 ðoÞF
~2 þ F
~ s 2 X0.
(62)
F
p
B
p
~ s will take a different from Eqs. (60)
~ v and F
This time, however, the individual terms F
p
p
and (61), unrelated to py ðdÞ. Instead, the individual dissipative components of the
volumetric plastic term and the breakage term are taken in relation to (11) and (46):
e e
~ v ¼ xðev ; es Þ ð1  WBÞ G B dep ,
F
p
cr ðeev ; ees Þ ð1  BÞ2 W v

(63)

~  ¼ G B ð1  BÞ2 dB
F
B

(64)

and the additional shear term is assumed by
e e
p
Fs
p ¼ Mxðev ; es Þð1  WBÞdes .

(65)

We note that cr ðeev ; ees Þ is now also a function of the elastic shear strain, and we designate
xðeev ; ees Þ ¼ qcr ðeev ; ees Þ=qeev . The plasticity-breakage yield function is given by Legendre
transformation:


2
2
Wc ðee ; ee ÞE B
G B ð1  BÞ2
p þ ðcosðoÞE B Þ2 þ
q
y ¼ sinðoÞ e r e v s
xðev ; es Þð1  WBÞ
Mxðeev ; ees Þð1  WBÞ


G2B
p0,
ð1  BÞ4

ð66Þ

where the ﬁrst term relates to plasticity in compression, second term to breakage, and third
term to plasticity in shear. Since p ¼ xv ðeev ; ees Þð1  WBÞ, E B ¼ cr ðeev ; ees ÞW, and using the
shear-pressure stress ratio Z ¼ q=p, the yield criterion may be re-written as

2 
2
y  E B ð1  BÞ2 =G B þ Z=M  1p0
(67)
and the volumetric (63) and shear plastic dissipation (65) terms by
~ v ¼ p
F
p

GB
depv ,
E B ð1  BÞ2

~ s ¼ Mpdep .
F
s
p

(68)
(69)

The deviation of Eq. (67) from the original breakage yield function in Eq. (10), via the
extra term (Z/M)2 represents the fact that only in compression the breakage mechanisms
could be referred to as ‘active’. In this situation frictional dissipation emerges as a byproduct of breakage dissipation. In shear the frictional dissipation is dominant but
breakage appears inevitably from grains abrasion. This scenario represents a ‘passive
breakage mechanism’. We further note that the breakage growth criterion in Eq. (10)
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follows any time the increment dZ ¼ 0 is zero. Finally, it should be highlighted
that the current breakage model makes no use of the pre-consolidation term py().
This concept is replaced by adopting the breakage energy constant. Here isotropic
hardening is purely an emerging property of the breakage growth criterion rather than a
curve-ﬁtting exercise.
The shear dissipative term in Eq. (69) may be compared with the original term in
~ p ¼ pdep þ qdep may be equated to
Eq. (61). In ultimate state conditions the plastic work W
v
s
~ implying that the elastic work is self-cancelled by the increment of
the dissipation F,
change of the Helmholtz free energy, in view of Eq. (24). In terms of shear deformations,
the ultimate state may be deﬁned when both depv ¼ 0 and dB ¼ 0. In this situation, since
~ s , thus
both the breakage and compression dissipative terms are neglected, qdeps ¼ F
p
Zu  qu =pu ¼ M

(70)

conﬁrming with the Mohr–Coulomb failure criterion, and agreeing with the ultimate shear
conditions that critical state soil mechanics predicts. Although only brieﬂy explored, the
above derivation proves the suitability of the CBM Theory in the modelling of shear
deformations as well as compression.
8. Conclusions
The growth of breakage describes the evolution of the grain size distribution from an
initial to ultimate distributions. In Part I (Einav, 2006) we incorporated the concept of
breakage as an internal variable in a thermomechanical analysis and developed the theory
for developing CBM models. The current work has furthered the theory to allow modelling
materials that undergo plastic dissipation from the frictional rearrangement of particles in
addition to the dissipation from breakage. The combination of the two dissipative
mechanisms of breakage and plasticity was investigated. An important distinction is made,
identifying two families of combined breakage-plasticity models. The ﬁrst encompasses
models with uncoupled plasticity and breakage yield surfaces. In this case, pure breakage
can occur without plastic straining, or vice versa, pure plastic straining can happen without
breakage. The second family describes models with a coupled breakage-plasticity yield
surface, such that any plastic straining is accompanied to breakage.
Models are developed for brittle granular materials. The theory is validated against
experiments. No other physical theory has been previously proposed that can link between
the breakage and the stress–strain behaviour of brittle granular materials, although
the breakage is frequently measured. The new Theory of CBM is capable to do that.
For that purpose, a new average constant of granular material is deﬁned, called the
‘breakage strain energy constant’, with which and a postulate of ‘breakage growth’,
it is possible to explain the soil phenomenon of isotropic hardening directly from
physical principles rather than from curve-ﬁtting. This interpretation of hardening
is rather different than the one used in classical critical state soil mechanics, and
presented in a rather more rational-physical manner. The new interpretation has much
in common with the interpretation given by McDowell et al. (1996) in what was termed
as clastic hardening. However, the clastic hardening approach is limited for one
dimensional compression loading conditions, and may not be derived from thermodynamics potentials. The CBM Theory, on the other hand, allows to develop models by
following modern thermodynamics procedures, and the models are ‘‘complete’’ in the
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sense that they can predict the material behaviour under different loading conditions. As
an example, we have presented a simple model that may account for both shear and
compression.
Appendix A. Elastic compression free energy in a reference grain fraction
A good approximation for the ensemble elastic behaviour of particulate aggregate may
be given by a power function, representing the Hertzian contact law between particles
(Walton, 1987). The elastic volumetric strain of granular materials that are initially
compacted by a reference pressure pr (conveniently taken as 1 kPa) may be assessed to
a good order by using the following relation (Einav and Puzrin, 2004):
eev  ev0 ¼

ðp=pr Þ1m  1
,
K̄ ð1  mÞ

(A.1)

where m and K̄ are material constants; p is the mean effective stress, or effective pressure;
eev is the elastic volumetric strain; ev0 is a initial volumetric strain introduced to effectively
describe the material dependence on the initial void ratio of the sample. A similar use of ev0
was undertaken by Einav and Carter (2007) for modelling clays. In sand, this measure may
be linked to the maximum void ratio emax which may be attained under the reference
pressure of pr ¼ 1 kPa. This suggests that a universal zero strain is related to emax. Of
course, the initial void ratio e0 may be that maximum value or less, depending on the
amount of energy that is applied on the sample before returning to the reference pressure
pr. The connection between the volumetric strain ev and void ratio e may be estimated by
the incremental relation deev ¼ de=ð1 þ eÞ. We evaluate ev0 as deev , de ¼ emax  e0 and we
estimate the void ratio e, in the initial conditions, by the ‘nominal initial void ratio’
en0 ¼ ðe0 þ emax Þ=2. This gives the following estimation of the initial volumetric strain
ev0  ðemax  e0 Þ=ð1 þ en0 Þ.
Differentiating Eq. (A.1) gives the elastic bulk modulus:
dp=deev ¼ K̄ðp=pr Þm ,

(A.2)

which effectively represents the Hertzian contact law between particles; in this case,
experience shows that m would typically range between 1/3 and 1/2, and this is supported
theoretically by Walton (1987); ﬁnally K̄ depends on the intrinsic bulk and shear modulus
of the grains, as well as the initial void ratio (or alternatively ev0). The pressure as a
function of volumetric strain is given by inverting (A.1):
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m
p ¼ xðeev Þ ¼ pr
K̄ ð1  mÞðeev  ev0 Þ þ 1 for 0pmo1.
(A.3)
We note that when m ¼ 1, the above model has a logarithmic limit,


p ¼ xðeev Þ ¼ pr exp ðeev  ev0 Þ=k for m ¼ 1,

(A.4)

with k ¼ 1=K̄ being the slope of the curve in the logarithmic space, as is normally
assumed in critical state soil mechanics models. A linear (elastic) model is derived when
m ¼ 0, then p  pr ¼ Kðeev  ev0 Þ, where K ¼ pr K̄ would denote the conventional bulk
modulus.
The above treatment does not account for the dependence of the material on the grain
size distributions. To extend the above analysis we note, based on Eqs. PI(24) and PI(43),
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that the Helmholtz free energy obtained by integrating Eqs. (A.3) and (A.4), is associated
to the reference grain size:
 e
2m
xðev Þ=pr
e
cr ðev Þ ¼ pr
for 0pmo1,
(A.5)
K̄ ð2  mÞ


cr ðeev Þ ¼ pr k exp ðeev  ev0 Þ=k for m ¼ 1.
(A.6)
The inﬂuence of the grain size distribution could now follow by combining either one of
the above relations with the general expression in Eq. (1).
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